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Introduction
The mechanism we study shares important properties with existing mechanisms like the Taiwanese Uniform Invoice lottery.
1 Under this system, every one of the roughly 11.5 billion receipts issued annually by Taiwanese shops comes with a unique lottery number, which enters a bi-monthly prize draw awarding prizes of up to $320,000. This receipt lottery was introduced in 1951 to increase tax revenue and proved so successful that it remained in place ever since. Since the lottery numbers come per receipt rather than per dollar spent, there is an incentive for customers to pay for every single item separately in order to get more receipts: a scene which many Taiwanese are familiar with. A similar example are the recently introduced Chinese tax receipt lotteries. Under this scheme, each receipt for restaurant consumption or entertainment expenditures is a lottery scratch card creating incentives for customers to ask for receipts and, in turn, oblige restaurants to pay VAT. 2 Examples of designed lotteries, that is, of lotteries where the winning probabilities are not just the number of tickets bought over the total number of tickets, are the German or Austrian Klassenlotterien and the United Kingdom Premium Bonds.
3 Both schemes directly finance public goods. While all these examples provide motivation for some aspects of our setup, we do not try to model the entirety of any of these schemes and we also do not try to explain empirical observations relating to their application.
We show that the benefits of combining a sales tax with lottery incentives go beyond the successful reduction of tax evasion. The contribution of this paper is to provide the novel benchmark result that such a mechanism can correct the distortions caused by taxing private consumption, solving the classical public goods provision problem.
The standard, complete information textbook environment in which we present this result is composed of some private good and a public good. In this environment, a sales tax on the consumption of the private good does not allow the efficient provision of the public good. To this setup, we add a specifically designed lottery-or, synonymously, a contest-which translates private good consumption expenditures into winning probabilities (or lottery tickets) for some part of overall tax proceeds. This gives incentives to consume more of the private good, thus increasing tax revenue and counterbalancing the distortion from taxation. We show that, if one part of the raised tax is used to finance the public good and the other part is employed as incentive prize for the lottery, then it is possible to obtain full efficiency in both private and public goods consumption. 1 http://en.wikipedia.org/wiki/Uniform Invoice lottery. Puerto Rico introduced a similar system in 2011; its official site is http://loteriaelectronicapr.com/. The municipality of São Paulo returns through its Nota Fiscal Paulista tax lottery program 30% of proceeds in the form of cash prizes mainly in order to combat tax evasion; see http://www.nfp.fazenda.sp.gov.br/. 2 For details see, for instance, Wan (2010) . 3 For details see, for instance, Schönbein (2008) or http://www.nsandi.com/products/pb. 4 To focus ideas, we propose the following stylised application in the local government provision of a public good.
There is a small number of players on whom the designer may conceivably be well informed. Tying, for instance, the payment of social hardship benefits to the 'consumption' of labour through a specific tax would then be entirely natural but, as discussed below, result in a necessarily inefficient allocation. What we show is that one can restore efficiency by designing a lottery which rewards local employers relative to their 'consumption' of labour, with some prize taken from the specific tax proceeds. Alternatively, as is usually the case with contests, the prize can be interpreted as a tax rebate that is handed out ex-post in specifically designed proportions.
A weaker, second-best version of this result continues to hold under private information.
Throughout the paper, we analyse two ways of providing the public good. In the first, 'exogenous' setting, the government can provide the public good exogenously at the efficient level. Then the players' consumption decisions affect only the amount of money raised. This first setting raises the question whether the mechanism can balance the government's budget in equilibrium, while inducing efficient private consumption. In the second, 'endogenous' setup, the government provides the public good directly from the share of tax revenue that is not paid out as a prize in the contest. This setting balances the government's budget by definition and the players take into account that their consumption decisions affect the provision level of the public good, introducing a free-rider problem. The second scenario raises the question whether the mechanism can induce efficiency in both the public and the private good dimensions.
The tax lottery scheme is individually rational and unanimously accepted if proposed. It implements efficient allocations in pure-strategy Nash equilibrium, through direct taxes in an environment where the consumption utility of private and public goods is non-separable. In contrast to alternative mechanisms, we do not require threats of punishments or a commitment not to produce the public good in case of insufficient funding. The tax lottery scheme provides a degree of freedom for the designer which, for instance, allows an efficient contest to be designed for an exogenously given sales tax rate.
In this paper, we analyse a classical environment in which, e.g., lump-sum taxation can directly implement efficiency. Thus, efficiency per se is not our issue. We are motivated by theoretical interest in the tax receipt lottery examples mentioned above. Our contribution is to point out that a sales tax in combination with an appropriately designed contest can induce efficiency, while neither of the two can achieve efficiency on their own.
Literature
At least since Samuelson (1954) , it is well-known that a sales tax cannot finance a pure public good efficiently since it distorts private consumption. The main idea behind our tax lottery scheme is that a contest that is tied to private consumption induces additional consumption. This has two benefits: it counterbalances the distortion due to the sales tax and it raises additional revenue. If the contest is designed appropriately, then the tax revenue is sufficient to finance both the contest and the public good-at the efficient level-while fully correcting the distortion in private consumption. Not all contests, however, can be used to implement efficiency. 'Simple' lotteries, i.e., lotteries where the probability of winning just equals the share a player owns of all tickets, fail to induce efficiency. Moreover, we show that running a pure fundraising contest without a sales tax is inefficient, too.
The paper interprets the consumption contest as a single-prize lottery where winning probabilities are determined from individual shares of total private consumption. We would like to point out prominently, however, that this is entirely equivalent to interpreting a player's probability of winning as the share of the tax revenue that is allocated to a player in dependence of all players' consumption expenditures. Since this interpretation does not require the transfer of large payments to a 'winning' player, it might well be a more practically fruitful way to read our model as returning consumption-dependent tax rebates to consumers. Formally, the two interpretations are identical and, therefore, the paper develops only the classic contest interpretation using winning probabilities.
To use lotteries for fundraising purposes is not a new idea. 5 Nevertheless, we are only aware of a handful of papers developing ideas directly related to this paper, that is, to public goods provision through contests. We would like to briefly discuss these mostly recent papers in the following short review. 6 As a general rule and contrary to our analysis, these papers are mainly concerned with the fundraising capabilities of given mechanisms and not with designing efficiency inducing mechanisms. From a technical modelling point of view, they usually employ separable (quasi-linear) utility while we include a (taxed) private good in the analysis and allow for the utility of private and public good to be nonseparable. The standard setup deals at heart with the case of perfect information. Morgan (2000) is the first to study various fundraising mechanisms for the purpose of the supply of a public good. He is mainly interested in 'raffles,' i.e., the 'simple' lottery case of our environment, without considering a private good or its taxation. 7 He shows that these mechanisms are generally inefficient but can outperform voluntary contributions. If the lottery prize is fixed in advance, then the degree of efficiency obtained is a function of the prize size. Thus, with a sufficiently large prize (and correspondingly large individual monetary endowments) the mechanism comes arbitrarily close to, but never reaches, efficiency. If the prize is a percentage of contributions, then the lottery does not perform better than voluntary contributions. Although our setting differs substantially-we are interested in the taxation of a private good which does not appear in Morgan's setup-we can nevertheless confirm several of his results in our environment. We are, however, able to reverse his main inefficiency finding by considering a richer class of contests including those governed by 'generalised' Tullock success functions. Franke and Leininger (2013) extend Morgan (2000) in discussing a biased, 'unfair,' indirect contribution game which provides the efficient amount of the public good in asymmetric Nash equilibrium. As Morgan, they focus attention on voluntary contribution or 'raffles' schemes while we explore the potential for efficiency in a taxation model. Interestingly, their optimally biased game can be understood as a non-cooperative implementation of Lindahl prices. Goeree, Maasland, Onderstal, and Turner (2005) do not analyse lotteries but introduce a general class of incomplete-information all-pay auctions, rank their revenues, and illustrate the extent to which they dominate winner-pay auctions and lotteries. Moreover, they identify the optimal fundraising mechanism as being of the all-pay format they investigate. This optimal mechanism is 5 'A Lottery is a Taxation, Upon all the Fools in Creation; And Heavn be praisd, It is easily raisd, Credulitys always in Fashion; For, Follys a Fund, Will never lose Ground; While Fools are so rife in the Nation." Henry Fielding, The Lottery (London: J. Watts, 1732), Scene 1, quoted in Clotfelter and Cook (1989, 219) . Earlier still, according to Karoshi (2008) , Keno lottery slips from the Chinese Han Dynasty (205-187 B.C.) are believed to have helped financing the construction of the Great Wall of China. 6 The idea that in some circumstances efficiency can be induced through a rank order tournament is due to Lazear and Rosen (1981) . In these tournaments, prizes are allocated according to a relative ranking, hence ordinal information on performance is sufficient. This idea has found numerous applications and extensions, for instance in the work of Green and Stokey (1983) , Nalebuff and Stiglitz (1983) , Dixit (1987) , Moldovanu and Sela (2001), or Siegel (2009) . For a detailed survey of the contests literature see the comprehensive Konrad (2008) . 7 Morgan (2000) also surveys several alternative mechanisms and points out their weaknesses, e.g., mixed experimental evidence of the theoretical predictions or the requirement of coercive power, and stresses the informational requirements on the designer's side.
generally inefficient. Bos (2011) shows that the result of their indirect mechanism design approach does not carry over to complete information. He gives examples of asymmetries for which the lottery outperforms their optimal charity auctions. In a similar vein, Duffy and Matros (2012) show that, with fixed and self-financed prizes, lotteries can outperform all-pay auctions in terms of expected public good provision levels. Their experimental investigation of this phenomenon, however, shows no significant difference in public goods contribution levels across the two mechanisms.
While in our paper the public good is produced by a third party, e.g., the government, Kolmar and Wagener (2011) analyse the problem of private production of a public good with the help of contests in an environment with asymmetric individuals and heterogeneous provision productivities. In their main 'sorting' result, the contest motivates highly productive individuals to contribute to the public good while low-productivity individuals divert their efforts to the private good. Similarly, Kolmar and Sisak (2011) analyse the private provision of a public good by players who are heterogeneous with respect to utility and cost of producing the public good. The paper discusses the use of multiple prize contests in order to implement efficiency. In both papers, the contest prizes are exogenously financed from lump-sum taxation. In contrast, funds are raised through a distortive sales tax in our paper. In our (classical) framework, lump sum taxation would directly implement efficiency, making a contest obsolete.
In the way our tax lotteries are designed to achieve efficient allocations in the presence of freerider problems, the present paper relates to two other recent contest-based studies : Gershkov, Li, and Schweinzer (2009) show that a contest can overcome the moral-hazard-in-teams problem, and Roussillon and Schweinzer (2010) design a contest to address the incentives to free-ride on emissions reduction in international agreements. Both papers tailor mechanisms to their specific environments which cannot be used to address the general public goods provision problem the present analysis deals with.
Recently, and following Morgan and Sefton (2000) , there has been considerable experimental interest in the public goods provision problem involving contests.
8 The empirical relevance of the use of lottery money for financing public goods is testified to by, for instance, Landry and Price (2007) . For a critical appraisal of tax lotteries see Hansen (2005) or Moir and Childs (2005) . A recent contribution to the classical literature on complete information public goods provision is Buchholz, Cornes, and Rübbelke (2011) . The authors study equilibrium existence in an aggregative game on which they impose the efficient allocation. In particular, they analyse the income distributions for which a matching mechanism (in which agents cross-subsidise each other) can be compatible with voluntary and efficient provision of the public good. In contrast to the present analysis, the authors do not explore the design of explicit mechanisms capable of providing incentives for the implementation of this efficient matching equilibrium. It is impossible to review the vast and active literature on (optimal) taxation here; a recent example exploring comparative statics in a kindred framework is Brett and Weymark (2008) . Recent and comprehensive surveys of this literature, including discussions of the classical remedies to public 8 Recent contributions to the experimental study of contests relating to public goods include Orzen (2005) , Lange, List, and Price (2007), Carpenter, Holmes, and Matthews (2008) , Schram and Onderstal (2009), Corazzini, Faravelli, and Stanca (2010) , and Duffy and Matros (2012) .
goods provision problems in the form of lump-sum and Pigouvian taxation, Lindahl equilibria and Coasian bargaining, are provided by Silvestre (2003) and Mankiw, Weinzierl, and Yagan (2009) , among others. We can similarly only mention the large literature on variants of Vickrey-ClarkeGroves mechanisms applied to taxation problems which transcends our framework by allowing for incomplete information on preferences. An example applicable directly to public goods provision is Ledyard and Palfrey (1994) , modern contributions include, for instance, Bierbrauer (2009) or Bierbrauer and Hellwig (2009) .
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The paper is structured as follows: In the next section, after the definition of the environment, we give a short taxonomy of well-known approaches to the problem of public goods provision that are directly relevant for our scheme. We then present the model of tax lotteries in section 3 and illustrate the idea through example. Although highly stylised, this simple example conveys much of the intuition of the general perfect information results presented in section 4. We conclude with a discussion of the merits of our approach following the evaluation of a set of model extensions which includes a discussion of private information. Proofs and details can be found in the appendix.
The environment and a taxonomy of approaches
There is a set N of n > 1 identical individuals i ∈ N who each consume a pure public good, G, and can purchase quantities x i ∈ [0, ∞), x = (x 1 , . . . , x n ), of a private good. There is a numeraire good (money), c i . Individual utility u i (·) is assumed to be additively separable in consumption utility, v(x i , G), and money. We do not require consumption utility to be separable in the public and private good. The individual's budget constraint is w = px i + c i , where w is the monetary endowment and p is the unit price of the private good. We assume the latter to be unperturbed by taxation. Thus, individual i maximises
The public good is produced by the government at strictly monotonic and differentiable cost C(G) and we assume v to be strictly quasi-concave in both arguments. In this environment, efficiency is defined by the quantities x * and G * solving
We denote the derivatives of v with respect to its two arguments by
Imposing symmetry, x 1 = · · · = x n , the efficient quantities are characterised by the first-order 9 Although we make no attempt to systematically explore an incomplete information incarnation of our mechanism in this paper, we nevertheless develop a simple private information extension to our results in subsection 5.2. There, the government cannot distinguish between consumers and must therefore set a single, anonymous tax lottery rate for heterogenous consumers. It turn out that in this, perhaps more realistic private information setup, the optimal tax lottery always outperforms a simple optimal tax in terms of welfare. 10 Throughout the paper, we assume that there is an interior efficient solution.
where (3) is the well-known Samuelson condition.
11 If the government commits to providing the public good exogenously at the efficient level G * , then, absent any taxes, individual i maximises
, choosing the efficient quantity x * i that solves the first-order condition
It is well-known that, in this setting, a lump sum tax on the numeraire good, equal to C(G * )/n, is efficient since it does not distort the above private consumption decision, while balancing the government's budget. Moreover, a uniform commodity tax, t on the private good and the numeraire good is efficient, too.
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In accordance with our examples in the introduction, we therefore consider a situation where the public good is (at least partially) financed by a sales tax on the consumption good. Although the sales tax is distortionary, we want to show that an appropriately designed lottery, in addition to a given sales tax, can implement efficiency. As we will show, neither a sales tax nor a lottery similar to the one we study as part of our tax lotteries are capable of achieving efficiency on their own.
In the remainder of this section we look at alternative mechanisms financing the public good from various sources.
13 In each case, we distinguish two ways of how the government provides the public good. First, the government might commit to providing the public good at the efficient level G * , independent of actual tax revenue. Therefore, players cannot affect the public good's provision level. The question in this scenario is whether it is possible to balance the government's budget in equilibrium, i.e., to exactly cover the cost of the efficient provision of the public good, C(G * ). Second, the government might simply provide the level of public good that corresponds to the amount of money raised from the players. Thus, the government budget is always balanced, in and outside of equilibrium. In this setting, players take into account their decision's effect on the public good, and the question is whether the efficient level of the public good can be achieved. In both cases we want to achieve an equilibrium that implements efficiency in the private as well as in the public goods dimensions while at the same time balancing the government's budget. We start our short taxonomy with two classical mechanisms which are known to be inefficient in this setting.
11 Samuelson (1954) shows that individually rational decisions fail to achieve efficiency. 12 In the latter case, the individual's budget constraint changes to w = (1+t)px i +(1+t)c i . The utility maximisation problem becomes max xi w 1+t + v(x i , G) − px i , which leads to an efficient individual decision for the given amount of the public good, G, v x (x i , G) = p. 13 Throughout the discussion of competing approaches we assume that an interior solution to the social planner's problem exists. In most of section 2 we do not discuss the second-order conditions because the first-order condition is already inconsistent with efficiency.
2.1 A sales tax alone is inefficient. Suppose that there is a sales tax α on the private good.
First, the public good is provided efficiently at G = G * , independent of actual tax revenue. The budget constraint is w = (1 + α)px i + c i and an individual maximises
The first-order condition of this problem is
which implies that consumption of the private good is distorted as long as α > 0, see (5).
14 Second, suppose that the public good is financed entirely from tax revenue, i.e., the government budget constraint is
The payoff changes since individual i now takes into account the effect of own consumption on the amount of the public good:
with first-order condition
By changing the tax rate α, the government thus affects the level of individual consumption, and, at the same time, the provision level of the public good. Efficiency in the private good dimension requires that the parenthesis in (10) vanish, i.e., v G = C ′ (G), equalising (10) with (4). However, the condition for efficiency in the public good dimension is (3), the Samuelson condition. Obviously, the
are inconsistent for n > 1. This illustrates a well-known free rider problem: the Samuelson condition cannot be satisfied under individual utility maximisation. Thus, the sales tax α cannot induce efficiency in both dimensions.
The above demonstrates that a sales tax alone is incapable of implementing efficiency, regardless of whether the public good is financed directly from tax revenue (and is, therefore, a function of individual consumption) or is provided independently of tax revenue.
2.2 Voluntary contributions with or without a sales tax are inefficient. Suppose that we allow for voluntary private monetary contributions g i to the public good in addition to the sales tax α ≥ 0. If, first, the public good is provided at the efficient level, G * , regardless of tax revenue and contributions, then the individually rational contribution is obviously g i = 0 and the result is similar to the case without private contributions. Second, if the public good's provision level depends on tax revenue and total contributions, then player i maximises
The first-order condition with respect to g i is then
by comparison with (3), efficiency cannot be achieved for n > 1. 15 Note that, in both cases, the conclusion is the same if α = 0.
2.3 A sales tax combined with a 'simple' lottery is inefficient. In the following, we look at a tax lottery scheme that is similar to the one we are going to analyse, except for the type of lottery employed. We show here that a 'simple' lottery does not serve the purpose. Under this scheme, consumers pay a sales tax through which the public good is financed. In order to encourage consumption (correcting the distortion due to the sales tax) we reward consumers with the chance to win a prize (or, in an equivalent interpretation, with a consumption-dependent share of the collected taxes). This prize or share is financed out of tax revenue. Denote the sales tax revenue by P = αp n j=1 x j . Suppose that the share β ∈ (0, 1) of this tax revenue is paid out as the winner's prize of a 'simple' lottery where each player's probability of winning, π i , is equal to his share of total sales tax contributions, or, equivalently, his share of total consumption,
16 First, suppose that the public good is provided at the efficient level, G * , regardless of tax revenue. Then utility is
Comparing (11) with (6) makes clear that the simple tax lottery is equivalent to a sales tax mechanism with tax rate (1 − β)α, which has been shown to be inefficient above.
Second, suppose that the public good is provided from the share of tax revenue that is not paid out to the lottery winner, C(G) = (1 − β)P . Then player i maximises
Again, this is similar to a sales tax mechanism with tax rate (1 − β)α (see (9) for comparison). As we show in the main part of the paper, a more powerful, 'generalised' contest is required that sets stronger marginal incentives. 
Private contributions combined with a simple lottery are inefficient (no sales tax).
Instead of levying a sales tax and rewarding private consumption through a lottery, one might turn to using direct private contributions to the public good (as in 2.2) and reward these contributions through a lottery, financed from a part of total contributions. Suppose that there is no sales tax and the only source of revenue for the government are voluntary private monetary contributions, g = (g 1 , . . . , g n ), g i ≥ 0. Incentives for contributions are set through a simple lottery where each contributor i's winning probability is equal to his share of total contributions, π i (g) = g i / n j=1 g j . The share γ ∈ (0, 1) of total contributions is paid out as a winner's prize while the remaining share is retained by the government in order to contribute to the cost of the public good. First, suppose that the government provides the efficient level of the public good regardless of players' contributions. Then player i's utility is
Clearly, i's optimal contribution is g * i = 0, since i's net benefit from the lottery is negative, regardless of the other players' contributions. Thus, the mechanism does not raise any money. (In 2.5 we give another argument that also applies here.) Second, suppose that the government finances the public good entirely from the part of players' contributions that is not paid out as a prize, i.e., C(G) = (1 − γ) n j=1 g j . In this case, the above argument does not apply because now there is an additional benefit from contributions: they directly raise the level of the public good. Utility is
The first-order condition with respect to g i can be written as marginal utility of the public good equals marginal cost of the contribution, net of the lottery benefit,
Similar to 2.3, the net marginal cost of i's contribution (net of the lottery benefit) is constant, 1 −γ.
But this net cost is too large, in the sense that it 'forces' i to choose an inefficient contribution:
As in 2.3, this would be efficient for n = 1 , illustrating the free-rider problem. Player i ignores the benefit of his contribution for the other players.
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2.5 Private contributions with a generalised lottery are inefficient (no sales tax) . We stay in the same environment as in the previous subsection 2.4. We have seen that a simple lottery does not achieve efficiency. Thus, we now consider a generalised contest form instead where i's probability of winning is π i (g), and, if contributions are symmetric, g 1 = · · · = g n , the winning probability is 1/n, while everything else remains the same as in 2.4. First, suppose that the public good is provided exogenously at the efficient level, G * . Player i's expected utility is
This mechanism cannot implement efficiency because the only reason for participation in the lottery is the chance of winning the prize money. But the prize money is only a share of total contributions.
Since, in any symmetric equilibrium (candidate), with contributions equal to g, the winning probability is 1/n, player i's expected lottery payoff is (1/n)γng which is less than i's contribution. Thus, i's optimal contribution is g * = 0. (The same argument shows that exogenous provision is inefficient in 2.4.) Second, suppose that the government always balances its budget, spending exactly the share
(1 − γ) of contributions on the public good. Similar to the first setup, the lottery itself is not 'interesting' for i, since, in any symmetric equilibrium, it pays out less in expectation than i pays for it. Thus, the endogenous-provision scheme as a whole can only work if i's benefit from the public good can make up for this 'loss'. Indeed, i's contribution has a direct benefit in the form of a larger amount of the public good. However, this setup also brings about a free-rider problem because i also benefits from the other n − 1 players' contributions. In fact, if i deviates from an efficient contribution to zero g i = 0 (given that the other n − 1 players contribute efficiently), then i's cost saving exceeds the 'loss' due to a reduced amount of the public good. In order to see why, note that if i were the only player in the economy (n = 1), i would equalise the slopes of utility and cost, v G = C ′ (G). In a larger economy, by the Samuelson condition, efficiency requires a larger amount of the public good, such that the slope of the utility function is smaller than that of the cost function, nv G = C ′ (G * ), see (3). Now, suppose that i reduces his contribution, implying a move from G = G * to a lower amount of the public good. Then, due to the slopes, the total cost reduction is larger than the utility loss of a single player. Since i receives the full cost saving, the deviation is profitable. The following proposition shows that this insight is perfectly general.
Proposition 1. Suppose that the public good is provided endogenously, from a share of voluntary private contributions. Then there exists no efficient symmetric pure-strategy equilibrium under a contributions scheme with a generalised contest.
The tax lottery scheme
In order to overcome the problems outlined in the previous section, we introduce the following tax lottery scheme.
19 A sales tax of proportion α > 0 is collected from the private good consumption in order to form a revenue pool, P = αp n j=1 x j . The share β of this pool is awarded as the winner's prize in a contest held on the purchased quantities of the private good. The share (1 − β) of this pool can be used to finance the public good. As before, the public good is either exogenously provided at G = G * , resulting in the utility maximisation problem
or the provision level depends on actual tax revenue, C(G) = (1 − β)P , resulting in
where π i (x) is player i's probability of winning the contest as a function of all players' private good consumption. 20 We assume that the noisy (partial) ranking π(x) = (π 1 (x), . . . , π n (x)) of the players' consumption expenditures is observable and verifiable. Moreover, π i (x) is strictly increasing in x i , strictly decreasing in all other arguments, equal to 1 / n for identical arguments, twice continuously differentiable, and zero for x i = 0 if at least one x j =i > 0, j ∈ N . The designer's objective is to maximise the total sum of utilities net of the cost of producing the public good by choosing a tax lottery scheme α * , β * , π(x) which allows for the efficient provision of the public good while simultaneously ensuring efficient private good consumption and balancing the government's budget.
Example of an efficient tax lottery scheme
This subsection presents an illustrative example of the tax lottery scheme. We use Cobb-Douglas preferences over the private and public goods, v(
where the public good is produced at linear cost, C(G) = qG with q > 0. 19 Our scheme relates to that analysed in 2.3, but differs in the precise formulation of winning probabilities. 20 Note that in our symmetric setup it does not matter whether the winning probability is determined from consumption quantities x i or from a player's sales tax contribution αpx i because the common factor αp cancels out under the assumptions we make on the lottery mechanism, see subsection 5.4. 21 A similar example works for additive separable preferences. Since the fully separable case is known to lend itself to efficient public goods provision (under conditions discussed, for instance, by Deaton (1981) or Bergstrom and Cornes (1983) ), we use Cobb-Douglas preferences as our leading example. This, however, leads to sometimes unwieldy expressions which could be avoided in the quasilinear case.
The resulting social planner's problem is concave and given by
The efficient (symmetric) quantities x * = x * 1 = · · · = x * n and G * , see (3) and (4), are positive and unique,
Now consider the tax lottery scheme. For the lottery, we use the generalised Tullock contest success function,
The exponent r can be interpreted as the 'discriminatory power,' or 'precision' of the lottery defining the (marginal) increase in the (marginal) probability of winning from higher consumption of the private good.
Recall that the sales tax revenue is given by P = αp n j=1 x j . The share (1 − β) is used to finance the public good, G, while the remaining share, β, is paid out as the winner's prize in the contest. Each consumer of the private good participates in the lottery.
As in the taxonomy of alternative approaches in the previous section, we consider two ways of providing the public good. First, it is provided exogenously at the efficient level, G * , and, second, the provision level depends on the actual tax revenue. Our central result is that for both ways of providing the public good, there exists a corresponding optimal tax lottery scheme α * , β * , r which induces a symmetric equilibrium in which every player i ∈ N consumes the efficient quantity of the private good x * while the public good is provided in the efficient amount G * and the government's budget is balanced.
First, suppose that the government provides the public good exogenously. Then player i's maximisation problem is
where G is constant at G = G * . Take the first derivative with respect to x i , and impose symmetry x = x i = x j in the first-order condition. Then replace G and x by the efficient levels, G * and x * .
This delivers β * . Then compute α * by solving the government's budget constraint using G = G * , x = x * and β = β * , i.e., qG * = (1 − β * )αpnx * . Following this procedure, we obtain
Second, suppose that the public good is financed from tax revenue. Then (21) must satisfy the additional constraint qG = (1 − β)P , the government budget constraint. Start with evaluating this budget constraint at the efficient levels, x * and G * . This gives directly
Then the optimal tax lottery scheme is determined by inserting qG = (1 − β)P as well as P = αp n j=1 x j into the objective function (21), computing the first derivative with respect to x i , imposing symmetry, x = x i = x j in the first-order condition and then replacing x by the efficient amount, x * . Inserting α from (23) gives the optimal scheme
In both cases, feasibility, i.e., β * ∈ (0, 1), is satisfied if r > 1 while α * > 0 is then assured. Notice that, in (24), the designer has a degree of freedom. We expressed the optimal α * and β * as functions of r. Alternatively, the optimal tax lottery scheme can be tailored to an exogenously given sales tax, α.
As is apparent from (24), higher values of r, i.e., a more competitive lottery, are associated with smaller tax rates α * and a smaller share β * of tax revenue to be used as lottery prize. Comparing (22) with (24), it is easy to see that the second scheme, with endogenous provision of the public good, requires a lower sales tax rate and a lower share of revenue for the contest. This is because, under endogenous provision, private consumption has an additional private benefit: it directly raises the provision level of the public good and, thus, utility. In both cases, the government's budget is balanced in equilibrium.
In the above, we only looked at the first-order condition of utility maximisation in an efficient candidate equilibrium. As we have already seen in subsection 2.1, satisfying the first-order condition may not, however, be sufficient. There, participation in the symmetric candidate was strictly dominated by nonparticipation.
Under our tax lottery scheme, nonparticipation is not an issue, since the contest is run on private consumption rather than monetary contributions. Thus, nonparticipation would imply zero private consumption which clearly is not optimal. Nevertheless, in contrast to the simple lottery, the use of more general lotteries, such as the generalised Tullock contest, does not generally imply a concave objective (utility) function. Thus, existence of the optimal scheme is not guaranteed for all parameters. The following figure explores the question of equilibrium existence for our example by plotting i's single-peaked equilibrium deviation utility arising from different consumption levels x i under the tax lottery scheme with α * and β * , assuming that every player j = i chooses the equilibrium x j = x * . 23 The participation issue in subsection 2.5 already indicates that equilibrium 23 The parameters used for plotting the figure are n = 2, p = q = 1, a = 3/4, b = 1/10, r = 2, x * = 0.0601, g * = 0.0081, α * = 0.73, β * = 0.5, and endogenous provision of the public good. We should also point out that there is a long-standing issue with the existence of symmetric pure strategy equilibria when r > 1 in standard contests with many players (see, e.g., Schweinzer and Segev (2012) ). As shown in propositions 2 and 3, however, existence conditions are not as restrictive in the present environment. 
Figure 1: Private good consumption levels ensuring efficient public good provision.
existence in this setting is not only a question of whether the solution candidate picks out a local maximum or minimum. We need to ensure that the candidate is globally optimal. Figure 1 attempts to illustrate the problem graphically. For this to be convincing, in principle, we would have to plot the full choice range x i ∈ [0, ∞) given x j = x * , j = i. In this sense, the above picture should be understood to only show the interesting range. This simple example demonstrates that a sales tax, accompanied by an appropriately designed generalised Tullock contest is capable of simultaneously implementing efficiency in the private as well as the public good dimensions and, thus, satisfying the Samuelson condition while balancing the government's budget. We have further shown that the obtained efficiency does not depend on whether the public good is provided exogenously or depending on actual tax revenue. Propositions 2 and 3 show formally that this example result holds for a broad range of parameters. The following section presents a general analysis and sheds light on why this scheme, in contrast to those presented in 2.5, can achieve efficiency.
Analysis of the tax lottery scheme
In order to simplify the exposition, we present the analysis for the generalised ratio-based contest form
where f ′ > 0 and f (0) = 0 and f (x) > 0 if x > 0 (further restrictions on f will be derived for the optimal scheme). Our results, however, hold for a wider range of contest specifications, some of which we explore in section 5.
First, consider the case of exogenous provision of the public good at G = G * . Maximising utility, (16), the first-order condition can be written as
Again, efficiency in the private good dimension requires that the above parenthesis vanish, i.e.,
In symmetric equilibrium, where all players consume, say, x s , this simplifies to
Feasibility requires β < 1, i.e.,
Clearly, this last condition is violated under the simple lottery, where
confirming the result of subsection 2.3. Thus, an efficient tax lottery requires a function f that can satisfy this condition. One such function is the generalised Tullock contest, with f (x) = x r and r > 0. Inserted into (29), we get
Thus, for r > 1, the function f (x) = x r implements efficient private consumption (ignoring equilibrium existence for the moment). Inserting f (x s ) = x r s into (28), we get
Note that β * only depends on r (the 'discriminatory power' of the lottery) and the number of players.
Since G = G * is ensured, what remains to be done is to compute the sales tax that balances the government's budget, i.e., solve C(G * ) = (1 − β)αpnx s taking into account the above value of β = β * , as well as the fact that consumption is efficient, x s = x * i (as derived above). This optimal share α is given by
So far, we have only considered the first-order condition(s) for efficiency. The following proposition confirms equilibrium existence for a class of non-separable utility functions for a public good produced at linear cost. (A discussion of why this scheme works will be given after the analysis of the endogenous provision setting.)
Proposition 2. Consider the class of Cobb-Douglas utility, v(
and linear cost of the public good, C(G) = qG with q > 0 and suppose that the government provides the public good at the efficient level independently of tax revenue. For any r > 1 and sufficiently small b, there exists a tax lottery scheme α * , β * , r , using a Tullock contest, π i (x) = x r i / n j=1 x r j , that implements efficiency in symmetric pure-strategy Nash equilibrium. Now, consider the case where the public good is financed from the share of tax revenue that is not paid out to the lottery winner, i.e., the government budget constraint is C(G) = (1−β)αp n j=1 x j . Then player i maximises (17) with winning probability
. The first-order condition with respect to x i is
This can be written as
In symmetric equilibrium where every player consumes the same quantity, say, x s , this simplifies to
Efficiency in the public good dimension requires (3). Thus, we replace
above by 1/n. Efficiency in the private good dimension requires that the parenthesis in the above expression is then equal to zero. Thus, we need to satisfy
which simplifies to
Feasibility requires that the function f enables β ∈ (0, 1). Again, consider the generalised Tullock contest, f (x s ) = x r s . In this case we obtain
which is feasible, i.e., β * ∈ (0, 1) if and only if r > 1. This demonstrates, that f (x s ) = x r s with r > 1 implements efficiency in both dimensions, i.e., we obtain provision and consumption levels of G * and x * i , respectively. We can now compute the sales tax rate that balances the government's
Again, we provide an existence result for a class of utility functions and linear cost. 
Figure 2: Equilibrium existence under endogenous provision of the public good and Cobb-Douglas parameter b ∈ {0.05, 0.45} for the public good.
As already mentioned in subsection 3.1, nonparticipation is not an issue here (in contrast to the voluntary contributions schemes) since zero consumption is never optimal. This is confirmed by Figure 2 .
In the following we want to shed more light on the question why the tax lottery scheme achieves efficiency, whereas the alternative mechanisms discussed in subsections 2.1-2.5 cannot. We mainly 24 The precise procedure is described in the proofs of propositions 2 and 3.
want to compare our scheme with the voluntary contributions scheme in subsection 2.5 (endogenous provision), since that is the only scheme where efficiency does not already fail at the first-order condition. First, note that the tax lottery scheme builds on a sales tax mechanism. As recalled in subsection 2.1, a sales tax in itself is capable of financing the public good, although it distorts consumption. Thus, in contrast to the voluntary contributions scheme in subsection 2.5., the lottery in our scheme 'only' needs to give incentives to consume more (correcting the distortion) while balancing the government's budget. Second, as mentioned above, nonparticipation is not a viable option under the tax lottery scheme, indicating that only a correction in consumption (at the margin) is necessary, rather than ensuring that the scheme as a whole attracts participation. Third, as we have seen in subsection 2.4, a simple lottery is 'too weak' in the sense that the marginal incentives it provides are insufficient to fully correct the distortion in consumption (regardless of whether there is a free-rider problem, as in the endogenous provision case). A generalised lottery, as considered above, however, can be designed to provide higher incentives at the margin (e.g., varying r in a Tullock contest), and therefore correcting underconsumption (in principle raising any amount of money, such that only participation might be a problem). In particular, in our first case of exogenous provision, the lottery's task is to correct the distortion in private consumption while at the same time raising revenue equal to the cost of the efficient level of the public good (after paying for the lottery itself). In the second case of endogenous provision, the same reasoning applies with an additional effect:
consumption directly raises the level of the public good. At the margin, this increases the utility from private consumption, making it easier to satisfy the first-order condition (as we have shown, for a given lottery this results in a lower sales tax rate α * as well as a lower prize β * necessary for efficient implementation). Of course, the endogenous provision case introduces a free-rider problem. But, compared to the exogenous provision case, this free-rider problem can only cause existence problems, similar to those in subsection 2.5. However, in contrast to subsection 2.5, under the tax lottery scheme, there is a countervailing effect: The private consumption decision has a direct utility as well as a price, regardless of the tax lottery scheme (and exogenous or endogenous provision of the public good). This makes 'extreme' decisions less attractive, since any action geared towards changing one's payoff from the tax lottery scheme, e.g., consuming less in order to save money (while possibly free-riding on other's actions, as in the endogenous provision case) or consuming extreme amounts in order to raise one's lottery payoff, distorts the balance between the utility of consumption and its cost.
Consuming too little reduces the utility from the private good, consuming too much has to be paid for in terms of the price p as well as the sales tax α.
This effect is missing in the private contributions scheme and even a generalised lottery cannot correct this (subsection 2.5), while in a tax lottery scheme with a simple lottery, the lottery itself is not powerful enough (subsection 2.3). Only the combination of a sales tax and a generalised lottery can implement efficiency (among the mechanisms we have studied). Our existence results in propositions 2 and 3 underscore that the balance between utility from the private good (and its cost) and utility from the tax lottery scheme (i.e., the lottery itself and, in the endogenous provision case, the severity of the free-rider problem) is crucial. As these proofs show, the CobbDouglas utility parameter for the public good must be sufficiently small in order to ensure equilibrium existence. Similarly, existence is unproblematic if there are sufficiently many players such that player i's (consumption) decision's effect on his utility from the lottery, resp. the public good, is less relevant than its direct effect on utility from the private good and its associated cost (from buying the good in the market). All in all, the utility and cost of private consumption must be sufficient to ensure that manipulating consumption in favour of lottery payoff or the public good is not worth a player's while.
Extensions
We now present several model extensions illuminating the robustness of the tax lottery mechanism. We only present results for the endogenous provision case of the public good here because we economise on space. This case is generally more complicated than the case of exogenous provision since, there, the individual decision has no effect on the public good's provision level. Moreover, we employ the generalised Tullock contest success function for the tax lottery mechanism and assume a linear cost of the public good production. We mostly ignore consumer wealth levels for reasons of brevity.
Asymmetric Players
In this subsection we show that the efficiency we derived for the identical players case extends to heterogeneous consumers, provided that the designer can apply individualised instruments, i.e., personalised tax rates α i , i ∈ N . We model player heterogeneity through individual utility functions v i (x i , G). As usual, we denote the efficient quantities by x * = (x * 1 , . . . , x * n ) and G * .
In our symmetric model with homogeneous preferences, using the consumed quantities x i in the contest success function is equivalent to entering the consumer's (symmetric) sales tax contribution αpx i . In the present heterogeneous case, however, this is no longer the case, and, in line with our motivating examples, we now assume that a player's monetary contribution (the consumer's sales tax paid) rather than the quantity consumed, enters the success function. Thus, player i's winning probability in the tax lottery with individual tax rates is
In order to be able to derive explicit solutions, we employ a logarithmic transformation of our previously used Cobb-Douglas utility function in which we assume that consumers differ in their preferences for the private good:
Social welfare maximisation analogous to (18) results in the efficient benchmark bundle
As in the symmetric model, we develop the two-players case (on the basis of section 3.1) in the main text while the general result is derived in the corresponding proposition 4. Suppose that the public good is provided endogenously, that is, qG = (1 − β)P , where total tax revenue P = α 1 px 1 + α 2 px 2 . We demonstrate, on the basis of first-order conditions, that the mechanism
implements efficiency in symmetric pure-strategy equilibrium.
26 Obviously, r = 1 is not feasible.
In (43), note that A = α * 1 a 1 = α * 2 a 2 is constant. Provided that the efficient quantities are consumed, these tax rates make the lottery contest symmetric, i.e., players have the same probability of winning.
27 Thus, individualised tax rates adjust a player's marginal cost (α i p) in accordance with their individual marginal utility of private consumption. Suppose that player 2 consumes the efficient amount x * 2 = a 2 /p which implies that 2's contribution is α * 2 px * 2 = α * 2 pa 2 /p = A. Then player 1's objective is
Player 1's (simplified) first-order condition with respect to x 1 is
Inserting the efficient quantity x * 1 , replacing α 1 a 1 with A, dividing by α i p, and simplifying, delivers
Budget balance, evaluated at the efficient quantities, requires
From the right-hand expressions in (45) and (46), it is easy to derive A = br r−1 and β = 1/r as claimed in (43).
The intuition behind this optimal asymmetric mechanism is as follows. In equilibrium, the contributions α i px i which enter the lottery in (44) are endogenously equalised through the optimal choice of the individual tax rates α i , such that α * i px * i = A in equilibrium. There are infinitely 26 We show equilibrium existence by example in figure 3 for the two-players case. This, in turn, shows that the equilibrium set that proposition 4 is applied to is non-empty. 27 Note that this is no longer the case when preferences for the public good differ, b i = b j . However, in that case efficiency can still be implemented but the optimal contest is not symmetric anymore due to different marginal utilities of the public good.
many pairs (α 1 , α 2 ) ∈ R 2 + which equalise these contributions, but there is only a single pair which implements the efficient levels of public and private good(s) for a given lottery precision r. Figure 3 illustrates equilibrium existence by plotting each player's single-peaked utility for different consumption levels, given that the other player consumes the efficient quantity for example parameters p = 1/10, q = 1/20, a 1 = 6/10, a 2 = 3/10, b = 1/10, r = 2.
The following result generalises (43) to the case of n ≥ 2 players. We emphasise that equilibrium existence is taken as given in this proposition. It follows from the explicit example calculated in figure  3 that the set of equilibria is non-empty. A tight equilibrium existence characterisation, however, is well outside the scope and concern of the present paper. Proposition 4. For the class of asymmetric Cobb-Douglas utility functions of the form v i (x i , G) = a i log(x i ) + b log(G) with a i , b > 0, i ∈ N , the efficient allocation (42) is implemented in purestrategy Nash equilibrium through the asymmetric tax lottery mechanism
Player i's optimal individual tax rate depends on the (symmetric) preferences for the public good, as well as the contest parameter r. As before, the parameter r provides a degree of freedom to the contest designer. It is easy to see that this result coincides with that of the symmetric case in (24) for a i = a j = a, j, i ∈ N .
Note that we assumed symmetric preferences for the public good, b i = b j = b, for presentation purposes only. Considering asymmetric preferences does not change anything in principle. In particular, the number of variables and the number of the designer's instruments are unaffected.
However, analytical solutions are unobtainable under endogenous provision of the public good.
29
Explicit solutions can be computed for specific values of the model parameters.
Since the optimal asymmetric tax lottery (47) implements first-best, it necessarily dominates the inefficient tax. The simple tax, however, has the advantage that it is anonymous, i.e., it uses only a single instrument α t where the optimal asymmetric tax lottery requires one instrument α i per player to implement full efficiency. We therefore continue our discussion of the asymmetric tax lottery mechanism under an anonymity assumption which restricts the government to employing only a single tax rate for all players. Hence, the following subsection incorporates private information in the sense that the government cannot distinguish between citizens.
The anonymous mechanism
This subsection extends our asymmetric, perfect information model into a setting where the government knows, perhaps from previous tax and consumption records, the preferences of the agents but cannot tell or verify which individual is endowed with which preferences. Because of this player anonymity, the government restricts itself to setting a single triple consisting of tax rate α, an incentive prize share β and the lottery precision exponent of r.
In this framework it is generally impossible to implement efficiency using an anonymous tax lottery. The question we therefore study below is whether or not the anonymity-constrained lottery mechanism can achieve higher welfare than a simple tax scheme in the same environment. For the purpose of answering this 'second-best' question we consider two commonly known consumer types where each type occurs k 1 and k 2 times, respectively, in the population, k 1 + k 2 = n. We assume that each player's type is private information.
30 The two types differ in their preferences for the private as well as the public good. The corresponding social planner's problem is
with the symmetric efficient solution
Consider the anonymity-constrained tax lottery mechanism, assuming that there is a symmetric purestrategy equilibrium, where players of the same type play the same strategy. Denote the candidate equilibrium consumption quantities of the two types by x (1) and x (2) . Equilibrium tax revenue is 29 For the exogenous provision case, and heterogeneous preferences for the public as well as the private good (u i = a i log(x i ) + b i log(G)), the optimal efficiency-inducing mechanism is
30 It is easy to extend this setup to a larger number of types.
). Then player i, being of type 1, maximises (50)
The first-order condition, evaluated at x i = x (1) and simplified, is (51)
Interestingly, with two types of players, the number of variables (x (1) , x (2) , G) is equal to the number of instruments (α, β, r) (recall that in the symmetric setting, the mechanism has a degree of freedom). This implies that, in principle, there might exist an efficient tax lottery mechanism.
In order to illustrate this, consider the simplest case of only two players, i.e., k 1 = k 2 = 1. Then (51), evaluated at the efficient quantities (49), and simplified, becomes
The corresponding condition for a type-2 player is
), evaluated at the efficient quantities (49) delivers
Every solution of the simultaneous equation system (52)- (54) is an efficient candidate equilibrium. For example, the numerically derived mechanism parameterised by
exactly implements an efficient equilibrium for the parameter values a 1 = 1/2, a 2 = 1/3, b 1 = 1/100, b 2 = 1/50, p = q = 1/100 as verified by figure 4. The intuition why we can achieve full efficiency in a two-type model with private information rests on two observations: First, the tax lottery mechanism is anonymous, in the sense that it applies to all players in the same way. Only the total number of players of each type plays a role, rather than their identities. But these parameters are common knowledge. The same is true for each player's best response problem and the welfare maximisation problem. Thus, the mechanism can employ the same information as the first-best benchmark. Second, recall that the optimal mechanism in the fully 
Figure 4: Players' best response problems in a two player asymmetric and anonymous model.
symmetric model has a degree of freedom. There, we had infinitely many optimal mechanisms, e.g., we expressed the optimal α and β as functions of an arbitrarily chosen r. Now, in the anonymous mechanism, manipulating the remaining parameter (say, r), allows us to fine-tune the difference in the equilibrium private consumption levels x (1) and x (2) , whereas this difference was zero in the complete information model.
Note that the simple sales tax mechanism is a special case of our mechanism, obtained by removing the lottery through setting β = 0. Thus, for comparison, the welfare maximising simple sales tax mechanism is obtained by setting β = 0 in (50) and (51). It can be seen that, in this case, the equilibrium quantities x (1) and x (2) in (51) can be determined analytically. Inserting them into (48), and replacing G by the budget-balancing amount αp(k 1 x (1) + k 2 x (2) )/q delivers the corresponding welfare function. Maximising over tax rates α, the optimal tax rate is (56)
In order to evaluate the performance of the anonymous tax lottery in terms of welfare, we illustrate numerical results for three two-type populations with one, two and three consumers of each type, respectively, i.e., k 1 = k 2 = k with k ∈ {1, 2, 3}.
The below figure 5 compares the numerically approximated "second-best" welfare achieved by the tax lottery, W sb , with the analytically derived first-best welfare W * and the welfare achieved by the optimal simple sales tax W t . In the figure, the first-best welfare is normalised to one and the welfare of the simple tax is normalised to zero. Thus, we plot the mechanism's performance relative to first-best and the simple tax. We illustrate the role of asymmetry by plotting the ratio a 1 /a 2 on the abscissa, from close to zero to the symmetric case a 1 /a 2 = 1. There, the tax lottery is exactly first-best, corresponding to our results for the symmetric case. The parameters used for the plot are a 1 = {0.05, 0.10, . . . , 0.95}, a 2 = 0.95, p = q = .01, b 1 = b 2 = .2; the interpolation between data points is quadratic.
31 Since the precise relationships are hard to express in a single figure, we present the tabulated numerical results in the appendix. Note that the plot only provides a lower bound on the mechanism's performance, due to the numerical methods used (while the benchmark values for first-best and simple tax are computed analytically). 
Figure 5: Welfare comparison between the efficient mechanism W * (blue, normalised to one), the tax lottery (purple k = 1, green k = 2, light blue k = 3), and a simple tax W t (abscissa, normalised to zero).
We have chosen very low values of k, i.e., very small economies, in order to better illustrate the size effect on the mechanism's performance. The case k = 1 represents the 'worst case' in the sense that with only two asymmetric players, it is hard to give incentives through a lottery (as can be seen for low values of a 1 /a 2 where the tax lottery does not perform better than a simple sales tax). This is because the player who values the private good a lot wins the lottery almost with certainty, removing the other player's incentives to consume more than without a lottery. As a consequence, both players have no incentives to 'invest' in additional consumption. This result changes with larger k, because then there is 'intra-group' competition within the group of consumers belonging to the same type. This effect is strong and is already substantial when moving from one to two players in each type-group (the case k = 2). Thus, in large economies, the presence of many symmetric players in each group induces strong incentives through the lottery mechanism, improving welfare. This effect should continue to hold if there are more types of consumers in the economy, implying that the anonymous tax lottery can generate substantially higher welfare than the simple tax mechanism.
A larger number of goods
The following example illustrates that the proposed tax lottery scheme continues to work for a larger number of goods. Consider a symmetric model with two private goods (with prices p 1 and p 2 ) and two public goods (produced according to cost functions C 1 (G 1 ) = q 1 G 1 and C 2 (G 2 ) = q 2 G 2 ).
Assume that v(x 1 , x 2 , G 1 , G 2 ) 
The social planner's (symmetric) problem is then to
Using the notation S = 1 − a 1 − a 2 − b 1 − b 2 , the efficient quantities are
Under the tax lottery scheme, the respective private goods are taxed with tax rates α 1 and α 2 . As before, the revenue pool P equals total tax revenues. The shares γ 1 and γ 2 of the revenue pool are used to finance the two public goods, respectively. The remaining share, 1 − γ 1 − γ 2 is paid to the contest winner. Each player's total consumption enters the contest. Assuming that the other players play the symmetric strategies x 1j > 0 and x 2j > 0, player i maximises
Using steps similar to those in the subsection 3.1, we find the following optimal scheme
Checking the example (a 1 , a 2 , b 1 , b 2 , p 1 , p 2 , q 1 , q 2 , n, r) = (1/8, 1/8, 1/100, 1/100, 1, 1, 1, 1, 10, 3)
ensures that the set of equilibria for this scheme is non-empty and open.
Generalised ranking technologies
In order to simplify the exposition in the main part of the paper we employ there the widely used Tullock contest success function to determine winning probabilities. This, of course, is only one of many possible contest or lottery specifications. In the following we demonstrate our main results for a more general form of noisy consumption ranking. 32 Let us now assume that there exists a noisy and partial but verifiable ranking of private good consumption decisions
where
, where the i th element is 1. Thus (61) ranks the players on the basis of ratios between consumption pairs such that π i (x i ) is player i's probability of being ranked first given the consumption vector x = (x 1 , . . . , x n ). We make the following assumptions on π i (·):
A1 Symmetry: For any two players l = m and for any two consumption vectors, (x 1 , . . . , x n ) and (x
. Moreover, for any player i, let the elements of a consumption ratio vectorx ′ i be arbitrary permutations of those inx i except for the element at the ith position. For these we require that π i (
A2 Responsiveness: For any l ∈ {1, . . . , n} and l = i,
A3 π(·) is twice continuously differentiable.
A1 says that every opponent of player i affects the winning probability of i in a similar way. Thus, if players l and m exchange their consumption levels, this does not affect the winning probability of player i / ∈ {l, m}. The interpretation of A2 is that the probability of being ranked first should react positively to increased consumption. A3 is technical (and excludes the case of the all-pay auction). A1 also implies that in symmetric equilibrium, where x 1 = · · · = x n , the slope of π i with respect to any ratio x ij is the same for all i, j ∈ N , and each ratio is equal to 1. We simply denote this slope by π ′ (1).
This class of contests includes the generalised Tullock success function used in the main body of the paper, since
Therefore, we already know that the class of efficient equilibria is not empty. Similarly to our base model, player i's utility is
Based on this model, we can characterise the optimal tax lottery scheme as follows Proposition 5. If n ≥ 2 and π ′ (1) > 1 / 4 , there is an efficient tax lottery scheme characterised by
Using (62), it is easily verified that this corresponds to our results for the Tullock-Cobb-Douglas example where π ′ (1) = r/n 2 .
Finally, note that no ratio based probabilistic or shares-based assignment can work for infinite populations where winning probabilities or shares (62) must necessarily be zero. The model works without any problems, however, for arbitrary large but finite numbers of players.
Contests with difference-based ranking
In this last robustness check, we present a simple two-players version of the example of section 3.1 based on the difference form success function introduced by Hirshleifer (1989) . 33 The social planner's problem is unchanged and thus the efficient quantities x * and G * are still given by (19).
Using a tax lottery scheme, player i's utility is now
where r > 0 can be interpreted in a way similar to the Tullock model. Working through steps identical to those outlined in the example section and setting x = x * for n = 2 from (19), we obtain the same optimality condition (23) as in the example section. For the difference-form contest success function, the efficiency inducing parameters are
Existence can be confirmed by a graph which is almost identical to figure 1 for the same parametrisation as stated in footnote 23.
Concluding remarks
This paper is motivated by theoretical interest in sales taxation and existing tax receipt lottery schemes in place, for instance, in Taiwan, mainland China, and Puerto Rico. These schemes combine a sales tax with a lottery and have been highly successful in their intended purpose of reducing tax evasion. Our paper shows that, in addition, the same set of tools makes efficiency results possible which we present in the classical setting of public goods provision using sales taxes. Starting from Samuelson's well-known inefficiency result, we show that siphoning off a share of tax revenue into an appropriately designed lottery (contest) can implement efficiency, i.e., induce undistorted private consumption and finance the public good at the efficient level.
In an environment where private and public goods consumption is nonseparable, simple lotteries as well as (generalised) pure fundraising contests fail to achieve efficiency. Incorporating private consumption into the model seems important because, in the absence of a private good, efficiency is defined in the public good dimension only, where only the total sum of marginal contributions is pinned down (the Samuelson condition). With a private good and nonseparable utility, however, efficiency has another dimension, and require in addition uniquely determined individual contributions levels to the public good because changing an individual's public good contribution marginally affects the private consumption decision. This makes it harder to achieve overall efficiency. Thus, we provide a justification for the above-mentioned tax receipt lotteries in showing that both ingredients are crucial for efficiency: the sales tax and an appropriately designed contest. This paper does not discuss optimal taxation. We demonstrate that, in principle, two traditional fundraising mechanisms-sales taxes and lotteries-can be combined in order to improve the provision of public goods. Given that sales tax mechanisms are in place in many economies, our results are practically relevant in the sense that adding a lottery on top of an existing tax might lead to welfare improvements, in a way that is easy to sell to politicians' constituencies. In one of our model extensions, we argue that an anonymous tax lottery should substantially outperform a sales tax mechanism even in the presence of private information. Throughout the paper we look at two ways of providing the public good: exogenously and endogenously, as a function of tax revenue. We do this in order to evaluate whether our efficiency result requires linking individuals' consumption decisions to the provision level of the public good.
One might argue that the effect of this strategic connection is doubtful in practice. There is, however, empirical evidence that this link indeed positively affects participants' willingness to invest in a lottery. 34 Our main efficiency result is obtained under both specifications for symmetric and asymmetric players. As compared to the 'exogenous' scheme, the scheme with endogenous provision of the public good has the following characteristics. First, rational players take into account their decisions' effects on the public good. Therefore, second, there is a free-rider effect, since each player's (additional) consumption benefits everyone in terms of an increased amount of the public good. Third, given the positive link between a player's own private consumption and the public good, private consumption has an additional private benefit. Thus, a player needs less incentive through the tax lottery scheme than under exogenous provision. Indeed, we show that a given lottery can implement efficiency at a lower sales tax rate, while needing less revenue for the lottery prize (in relative and absolute terms). Fourth, if the designer is uncertain about the preferences for the public good, then the endogenous scheme provides a corrective: participants, through their consumption, 'produce' less of the public good if it is less valuable to them.
We argue that, in contrast to alternative schemes, the tax lottery scheme can achieve efficiency because, one the one hand, a generalised lottery allows the designer to fine-tune the marginal consumption decision, and, one the other hand, the lottery is run on private consumption rather than voluntary contributions. This has the advantage, that in order to 'game' the lottery or freeride on others' actions, a player has to distort his consumption, and thus its utility and cost. This provides a corrective that is not present under voluntary contribution schemes. This intuition seems to correspond to reality, where, under the existing tax receipt lotteries, it is unlikely that one would choose extreme consumption decisions just in order to exploit the tax receipt lottery. This is precisely because those schemes are (and should be) relatively unimportant in comparison to the consumption decision itself. In practice, we are confident that an implementation of the lotteries designed in this paper should no be too hard: mechanisms featuring elements similar to ours have been in use for a long time. by x i = kx, k ≥ 0 with k = 1 in the equilibrium candidate. Then player i's maximises
where P = αp((kx) + (n − 1)x). After inserting P this can be simplified to
The second derivative of u i with respect to k is
(71) After inserting x * , G * , α * , and β * (derived in (19) and (22)), using A defined in the line above, and simplifying, this can be written as
For the sign of u ′′ i (k) above, only the big parenthesis is relevant (the factor in front of it is positive). Since 0 < a < 1, the term B is negative. The parameter b occurs only once in the big parenthesis, as a factor. Clearly, for any given k > 0 there is a sufficiently small b such that the first (negative) term outweighs the second term, making the whole parenthesis negative, for given values of all other parameters. Thus, u ′′ i (k) < 0, ensuring a strictly concave utility, for k > 0. Utility in the equilibrium candidate, k = 1, can be computed to be positive:
Thus, the first-order condition (where k = 1) is sufficient for a global utility maximum. The 'critical' value of b (below which existence is ensured) is the largest value of b such that the big parenthesis in (72) is nonpositive for every k > 0 (we have ruled out that k = 0 is optimal). In order to compute this 'critical' b, one maximises the parenthesis with respect to k, replacing k by the maximiser k * , i.e., i's most profitable deviation. Then one solves for the value of b such that the parenthesis has a value of zero.
Proof of proposition 3. Throughout this proof we ignore the individual wealth level, w, since its only effect on the analysis is to increase each utility level by the same constant. Supposing that a symmetric equilibrium with individual consumption equal to x exists, i's strategies can be represented by x i = kx, k ≥ 0 (with k = 1 in the equilibrium candidate) while the other players play x. Then i maximises
Replacing α and β with the optimal levels given in (24) yields
Setting x = x * from (19) gives
Compute the second derivative of u i (k),
The sign of (77) depends on the large parenthesis (since D k+n−1 n b is positive). Inside, the last term, a(a − 1)k a−2 is independent of b and strictly negative. The other two terms contain b as a factor. If we reduce b, then this last term will at some point "outweigh" the other terms in the parenthesis, making the whole expression negative, for any given k > 0. Moreover, utility in the equilibrium candidate, k = 1, can be computed to be positive, ruling out that k = 0 can be optimal.
Thus, u i (k) becomes strictly concave in k and the first-order condition, where k = 1, becomes sufficient. In order to compute the 'critical' b below which existence is ensured, one maximises the big parenthesis in (77) with respect to k, replacing k by the maximiser k * , i.e., i's most profitable deviation. Then one solves for the value of b such that the parenthesis has a value of zero.
Proof of proposition 5. The proof proceeds as follows. We suppose that a symmetric efficient equilibrium exists, characterised by the first-order condition of player i's best-reply problem, where the other players j = i play x j = x * . First, we derive β * . Second, we derive the equilibrium tax rate, α * . Third, we derive conditions ensuring feasibility of the equilibrium parameters α * , β * , and
, . . . , 1, . . . ,
, with "1" at the i'th position. Then i's utility is
Since, by A1, the derivative of π i w.r.t. any ratio x i /x j is the same, the first-order condition can be written as
(80) Now we evaluate (80) at the efficient levels x 1 = · · · = x n = x * and G = G * as follows. Replace v x in (80) with the efficient level p, see (4). Denote the total public goods expenditure by B = (1 − β)αp(x i + (n − 1)x j ) and note that ∂B ∂x i = (1 − β)αp. We get
(1 − β)αp.
Next, replace v G in (80) 
As mentioned earlier in the text, A1 implies that in symmetric equilibrium ∂π i ∂x ij is the same for all ratios and players (and denoted by π ′ (1)) since all ratios x i /x j are equal to one. Moreover, again by A1, π i (1, . . . , 1) = 1/n. Applying this to (82) and simplifying leads to the left part of (64).
2) Take C(G) = (1 − β)P and evaluate at x 1 = · · · = x n = x * , G = G * , α = α * , and β = β * , and solve for α * .
3) In a symmetric and efficient equilibrium, each player consumes x * > 0. We only have to ensure that the corresponding α, β and P are feasible. In 1) and 2) we derived the values of α and β that are consistent with equilibrium existence. Feasibility requires α * > 0 and β * ∈ (0, 1). By A2 and n ≥ 2, β * > 0. Moreover, β * < 1 if and only if π ′ (1) > 1 n 2 . This condition is satisfied for all n ≥ 2 if it holds for n = 2. Thus, π ′ (1) > 1 4
ensures feasibility of β * for all n ≥ 2. Given this, α * > 0 since each factor in the right part of (64) Suppose that tax rates for j = i are as in (47) and that players j = i consume the efficient amounts x * j , from (42). Thus, we replace α j px j by A. Then i's problem is to maximise , this is satisfied.
Data underlying figure 5
The following three tables give detailed information on the second-best data presented in figure  5 . The numbers underlying the ratio curve is shown in the third from right column of each table.
The welfare values were found using numerical methods on a dynamically chosen grid of parameter values. Hence, the presented welfare is a lower bound, we cannot guarantee that there are no other parameter combinations which produce better results. Table of values underlying the k = 2 welfare ratio curve in figure 5. Table of values underlying the k = 3 welfare ratio curve in figure 5.
